
CYCLICALLY SYMMETRIC PROBLEMS OF HEAT CONDUCTION 

IN PERFORATED PLATES AND SHELLS WITH HEAT TRANSFER 
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The p rob l em  of de te rmin ing  the s t eady - s t a t e  t e m p e r a t u r e  field is ana lyzed for  the ca se  of 
p la tes  and hollow she l l s  with a c i r c l e  of holes and boundary conditions of the third kind. 

1. In analyzing the s ta te  of s t r e s s  in thin-walled s t ruc tu ra l  e lements  under conditions of nonuniform 
heat ing,  there  a r i s e s  the neces s i ty  of de te rmin ing  the t e m p e r a t u r e  field [1, 2]. In this connection, we will 
cons ider  h e r e  a method of analyt ica l ly  de te rmin ing  the t e m p e r a t u r e  field of shel ls  with c i r cu l a r  inhomo-  
genei t ies .  

The equation of hea t  conduction for  thin she l l s ,  with the median su r face  r e f e r r e d  to cu rva tu re s  (~ 
and #, can  be wr i t t en  as  [2, 31: 

At+ ~  ~ = ' , 2  t 
072 07 a ~ a ~  ' 

, ro__(._. ( . ,  o)] 
A =  Ae L o ~ t , a  ~ +o~-  ~ ap ' 

(1) 

According  to [4, 5] and with K y cons idered  negligibly s m a l l e r  than unity,  as  in the der iva t ion  of Eq. (1), 
in o r d e r  to find the m e a n - o v e r - t h e - t h i c k n e s s  shell  t e m p e r a t u r e s  

h h 

T1 = - - ~  " tdT, T~ 3 

-.4t 

needed for  de t e rmin ing  the t e m p e r a t u r e  momen t s  and the t he rma l  fo rces ,  we have the following s y s t e m  of 
app rox ima te  equations 

h a OTt = ~ (ett 1 "-k e~t,), h~AT1 - -  (~t + K2h') T~- -  (e, - -  Kh) T,  a ~ O~- 

) h" OT~ =:--3 (ext2H-e~t~), h"hT~ ~ 3 1 ,-}-e I T~ - -  3 (~ ~ Kh) TI a~ O"c 

at = h (ht+ ".4- h'i-), % = h (ht+ hT.), 

where  

(3) 

(4) 

1 ( r  + t-;), t~ = ~ (t + -  r  t , = .-~ -~ 

Equations (3), which take into account  the hea t  t r a n s f e r  with the ambien t  med ium accord ing  to Newton's  
law [1], a r e  a lso  based  on the assumpt ion  that  the t e m p e r a t u r e  is l i nea r ly  d is t r ibuted  over  the shel l  th ick-  
h e s s ,  namely  

7 t = r l  + ~ T v (5) 
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Lett ing K = 0 in (3), we have now the well  known equations of heat  conduction for thin p la tes  and these  
equations a r e  a lso  used for  approx imate ly  de te rmin ing  the t e m p e r a t u r e  field of thin she l l s ,  where  the e f -  
fect  of the cu rva tu re  on the t e m p e r a t u r e  d is t r ibut ion is negligible.  

If  the coupled s y s t e m  (3) has a genera l  solution, then the t e m p e r a t u r e  c h a r a c t e r i s t i c s  T 1 and T 2 can 
be sought in the form:  

Inser t ing  (6) into (3), we obtain two independent s econd -o rde r  different ial  equations for  the unknown 
functions r 

1 a %  _ l&, 

where  
~.~.2 = 6 - t  (e~ - -  Kh) -~ [(2e~ -F 3) :F V-(2~, -F 3) * 4- 12 ( e z ~ 2 ] ,  

~ = h-~[~l + K~h" + 3~, ( ~ . -  Kh) ] ,  

[, = h- '  [e,t, 4- e~t= -F 3~., (eat~ 4- eut,)] (i = 1, 2). 

(7) 

The boundary conditions and the initial condition for  functions T I and T 2 a r e  obtained by averaging ,  in a c -  
cordance  with (2), the r e spec t ive  cons t ra in t  values  of the th ree -d imens iona l  p rob lem.  In this way, the 
given cons t ra in t s  on the t e m p e r a t u r e  h e r e  will be sa t is f ied  in the integral  sense .  

2. Le t  a thin p la te  or  a hollow shell with a va r i ab le  t e m p e r a t u r e  and a va r i ab le  heat  t r an s f e r  be p e r -  
fora ted  by m identical  c i r c u l a r  holes  whose cen te r s  lie on a c i rc le  of radius  b. We will a s s u m e  that  the 
cen te r s  of these  holes a r e  spaced equidistant ly and that  the boundary conditions a r e  cycl ical ly  s y m m e t r i c .  

The s t eady - s t a t e  t e m p e r a t u r e  field of a given shell  occupying an  m - p l y  connected region (Fig. 1) 
bounded by the contour L = L 0 + L i + . . .  + L m - i  will be de te rmined  f rom Eq. (3) with the following bound- 

a r y  conditions on contours  L k (k = 0, 1, 2 . . . . .  m - l ) :  

OT1 -- kt [Ti-- T~l) (o~__ 2~ ~ )  ] , 
Orb (8) 

OT~or~ - - - - k ' [ T ~ - - T ~ 2 ) ( O ~ - - 2 ~ ) ]  " 

According to the conditions "at  infinity" [7], functions 2" 1 and T~ tend toward the given values Tl(~~ 
and T2 (~176 r e spec t ive ly  as  the d is tance  f rom a hole approaches  infinity (r - -  ~) .  

The general  solutions to the homogeneous equations (7) for the m - p l y  connected region S have the 
p rope r ty  analogous to that of holomorphic  functions [8, 9] and in po la r  coordinates  (r k, O k) they can be 

written as 

p=D k=0 

where Kp(r) is the p-th order MacDonald function, ap(i) are unknown constant coefficients to be determined 
from the boundary conditions. The particular solutions to these equations will be expressed in the form: 

r = A__~" r, (Xo, yo) z<. [~, V<x-~o /+  { y -  y~)~l d~odyo, (lO) 
z~ j . 

s 

where K0~ir ) are the fundamental solutions to Eqs. (7) [i0]. 

Inserting the complete solutions 

% = 9~ + *~ (i -2 I, 2) ( 1 1 )  

into relations (6), we find the integral temperature characteristics T I and T 2. 
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Without detract ing from the generality of the solution, we will consider concentrated heating of a 
shell by the ambient  medium: 

t + = ~ (x) ~ (y), t :  = 0, 

where 5 (x) is the Dirac function. 

In this case ,  by vir tue of expression (10), we have 

,o  = q#o  (~:), r = V ; *  + # ,  

where 
~x (1 + 3X,) ~ (1 § 3L,) 

, q ~ -  , ~x = hh~ 
q~ -- 4~h~ 4~h~L~ 

are  Blot numbers and, with (11) and (6), we find 

T~ %~-- %~ ~ ~=o a(P~)~oK~(~hr")--~aT'EKv(~r~)= ~=o cosp O h - - - - m  +q~K~176 

(12) 

(13) 

T z -  Ze-1 s = %z% (~, ~ =  Kp (~t~rh) - - ap  (', Zk=0 Kp (~lrh) cos p Ou m-- + Xzq~K~ Ox'r) -- qlK~ (p,~r) 

It is not difficult  to asce r ta in  that the solutions in form (13) sat isfy the conditions of periodici ty and 
"at infinity" [7], so that the boundary conditions need be satisfied on contour L 0 of the f i rs t  hole only. The 
boundary conditions on the contours of all other holes are  then satisfied automatically.  

For  convenience, we will write solutions (13) at r 0 < 2 b s i n w / m  in r 0, 0 0 coordinates re fe r red  to 
the f i rs t  hole. The theorem for combining cylindrical functions [11] and the identities 

rn--I 

(where p. n. and m a re  integers) yield 

;% ~ J a (~) (ro~q) Zxa~2)K,~ T1 = X~--Zl .=o ( ~ K~ (ro~) + (-- 1)~e~ [qlK~ (b~x) 1~ (ro~ ~) -- X~q~K~ (b~2) Ix (rove)] 

[ ap Ix (ro~l) S --  ap %11~ (ro~2) S (2> + Z (- 1)p ('' ,) (5, ]} cosn0o ' 
p=O 

.-. (14) 

T2 ~ %~-~%11 ~= { %~a(~2,K~ (rdx2) -- a(~"K~ (r~ + (-- n 1)ne~ [q2~"K~ (b~t2) I~ (rott~) -- qlKn (bjx,) I~ (r,t~l)] 

(ro~l) ~ j } cos nO o. + Z (-- 1)p [a~2)~21'~(r~ --a(p"l" A('>I 
p=0  

Here In(r ) is a modified Bessel  function, 
m--I 

s" '  = Z [cos ~NK~+~ (c~3 + cos ~MK,_~ (c~3], 
k = l  

1 = { - ~  n=0,  
c ~  = 2bsin ~xk , e ~  ' 

m I, n>~i.  

Insert ing the solutions (14) into the boundary conditions (8) for the contour of the f i rs t  hole, and con- 
s idering that cer ta in  functions can be represented in t e rms  of Four ie r  ser ies  

T(j , = ~ T(d , cos n00, (15) 
n~0  
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Fig .  1 Fig.  2 

F i g .  1.  G e o m e t r y  of a p e r f o r a t e d  she l l  occupying  an m - p l y  connec ted  reg ion .  

F ig .  2.  Ef fec t  of  the d i s t ance  be tween holes  on the magni tudes  of T 1 and 
T 2 a t  ~2 = 0. Solid l ine and dashed  l ine r e p r e s e n t  T 1 / T ~ ,  dashed -do t t ed  
l ines  r e p r e s e n t  T 2 / T ~ :  8i = 0.5 and Kh = 0 (1), 81 = 0.5 and Kh = 0.025 
(2), ~1 = K =  0 (3). 

we obtain  an  infinite s y s t e m  of  a lgeb ra i c  equat ions  for  the cons tan t  coef f ic ien ts  an (i) and up(i): 

a':,~,:, . ,~,~-,~,~ [ 4 , > ~ , : > s  ,l, ~,:>] - -  ~n  ,,l~-n "+- ( - -  l )  o - -  a(p2)~,iS(2) 

p=0  

(-- 1)~e~ iR") 

_ aO I) a(#O + ~a( 2, a(n2) + ~ (__ i)o [~a(p2)S.) ~ )  _ a;i,S(2) ~)~2)] 

p=O 

(--  1) # e. [~.2q,i~(2) K,, (b~.) (') 

whe re  

(16) 

~", : . ,  [t<._, (~it,) + ~.k,~, K. (~it,) + K.+, (pit,)], 

~(n 0 = #, [I)~_, (Pit,) "=- 2ktl t, I)~ (pl~,) + I.+t (P~h)]- 

This  s y s t e m  of Eqs .  (16) can  be so lved  by the r educ t ion  method [12]. We note tha t  the r i gh t -hand  
s ide  of  Eqs .  (16) depends  on the p a r t i c u l a r  solut ions  (10) and on the boundary  condi t ions  on the ho le  con tou r s .  

I f  K = 0 and the coef f ic ien t s  of  hea t  t r a n s f e r  a t  the shel l  s u r f a c e s  a r e  al l  equal (~l ~ 0, e2 = 0), then 
s y s t e m  (3) b r eaks  up into two independent  equat ions f r o m  which  each T i can  be de t e rmined .  The  l a t t e r  can  
a l so  be d e t e r m i n e d  a s  the l imi t ing  c a s e ,  howeve r ,  f r o m  re l a t ions  (6)-(16) with K = 0 and e~ = 0. Then  A1 
= 0, A2 = oo, and the t e m p e r a t u r e  c h a r a c t e r i s t i c s  

T~ = ap i. 

A t  the s a m e  t ime ,  

qt = It 31~ 4rch ~ ' q " =  4 - - -~ '  ~ 1 = e l  h.z, I t g = 3 ( l + % ) h  -z. 

In  this  way ,  we obta in  f r o m  (14) 

.)r< ( -  t)"4~ s ") ( -  1)~ ~" Ti = a. - . .  (ro~h) + (r#f) + q,K~ (b~t) I~ (roiti) cos n0 o (i = 1, 2), 
= p=0  

(17) 
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where  the unknown coeff icients  an (i) and ap(i) a r e  de te rmined  f rom the following infinite s y s t e m  of a l g e -  
b ra ic  equations: 

an(0 a(nO + E ( -  1)P aP(i) ~(~i)S(i) ---- (--  :~l)"en q'~(ni)Kn (b~i) + 2kd,~(i). (18) 

p~0 

We note that ,  when the solut ions to Eqs.  (3) with K = 0 a r e  r ep re sen t ed  accord ing  to [13] then the 
l imi t ing  case  for  ~2 ~ 0 does not follow f rom the general  solution. 

3. As an example ,  we will cons ider  a hollow spher ica l  shell  with two identical c i r cu l a r  holes whose 
rad ius  is p and on whose contours  the conditions 

T~ = T c = const (19) 

a r e  sa t i s f ied .  The ambien t  t e m p e r a t u r e  is a s s u m e d  equal to zero (t + = t c = 0). In this case  m = 2, k = 1, 
c k = 2b, N = M -- n, and,  with the hole on the r ight  side taken as  the f i r s t  one, re la t ions  (9) yield 

~P, = E { a ( .  OKn (ro~)-~- E ( -  1)pa~) In (r~176 cOs n 0 ~  (20, 
n=0 p=0 

The unknown constant  coeff ic ients  an (i) and ap(i) a r e  de te rmined  f rom the equations 

(p~) + ~ ( -  1). a(/)sg ' /, (~,) = F7, a (oi ) Ko 

p=0 (21) 

a(~~ (PixY) -}- E ( -  1)~176 I,~ (9ta.~) = 0 (n = I, 2 oo), 

p=,O 
where  

s(') [Kp+. + ~p-. (2b~,)], ,p = ( - -  t)" (2b~i) 

r 1 
F7 = V~ + Z,V~, F~ = r~ + - U  v 2  

The number  of equations in solving s y s t e m  (21) was mainta ined finite. For  a shell  with the p a r a m -  
e t e r s  p = 5h ,b  = 1.25p, and e 1 = 0, the d i f fe rence  between the values  of T 2 calcula ted a t  point r = 0, 0 = 0 
(Fig. 1) with five and with ten equations of s y s t e m  (21) r e spec t ive ly  does not exceed 1.5%. 

In Fig.  2 is shown the ef fec t  which the dis tance between two holes b 0 = 2 (b - -p ) /h  has on the magnitude 
of the d imens ion less  t e m p e r a t u r e  c h a r a c t e r i s t i c s  T1 /T  ~ and T2 /T  ~ a t  point r = 0, 0 = 0. 

The heat  t r a n s f e r  f rom the l a t e ra l  su r f aces  and the dis tance between holes have  an apprec iab le  effect  
on the t e m p e r a t u r e  d is t r ibut ion in a shell .  In the case  of thin hollow shel ls ,  accord ing  to the d i ag ram,  the 
cu rva tu re  has  a negl igible  ef fec t  on the t e m p e r a t u r e  field. 

NOTATION 

r ,  0 
rk ,  Ok 
2h 
~ , ~  
A , B  
a 2 

ht +, h t - 
tc +, t c -  
Y = •  
kt 
Tc (i) 

P 
b 

a r e  the po la r  coord ina tes ;  
a r e  the loca l  po la r  coord ina tes ;  
is the shell  th ickness ;  
a r e  the p r inc ipa l  cu rva tu r e s  of the medium shell  su r face ;  
a r e  the coeff icients  in the f i r s t  quadrat ic  r ep re sen ta t i on  of the median shel l  su r face ;  

is the t h e r m a l  diffusivi ty;  
a r e  the re la t ive  coeff icients  of  heat  t r a n s f e r  at  the shell  su r face ;  
a r e  the ambien t  t e m p e r a t u r e s  a t  the shell  su r face ;  

is the re la t ive  coeff icient  of  heat  t r a n s f e r  at  a hole contour ; 
is the in tegra l  t e m p e r a t u r e  of the ambien t  medium;  
is the radius  of hole in the shel l ;  
is the radius  of the holes c i r c l e .  
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